Electron beam glow discharge gun can be applied as heater for the pulling of silicon rods from the melt. A steady-state model for electron beam formation has been developed to model and optimize the electron gun. Description of the model and first simulation results are presented.
Introduction
Silicon (Si) is the most widely used semiconducting material. It is particularly important for high-power electronics and solar applications. Latvian company KEPP EU LLC is developing silicon crystal growth systems with electron beam heating of the melt surface. Such systems would allow to purify poly silicon material to a very high degree.
A key feature of the electron guns is the wear and tear of gun parts (cathode and anode in particular) that are hit by high energy charged particles produced by the gun. Besides the increased exploitation costs, such a wear also serves as an additional contamination source, which has to be reduced. For this reason, the Center for Processes's Analysis and Research Ltd, has developed a program system for modeling the electron gun. The program system simulates 2D axisymmetric EM field distribution in the gun and calculates 3D particle trajectories to model the electron beam formation. The aim of the model development is to obtain a tool that would correctly model the basic working parameters of the gun and allow to optimize it.
In this article, we present the description of the employed mathematical models, their numerical implementation, and the first simulation results.
Description of the working principles of the crystal growth facility and the applied electron gun
In a Czochralski crystal growth facility, crystals are pulled out from molten Si in a crucible. KEPP EU uses an anode plasma electron gun that heats free melt surface. A solid Si crust can develop at the crucible which prevents contaminants from the crucible to enter the crystal. However, the gun itself is a source of contamination.
The gun works by applying high voltage (30 kV) between its cathode and anode. A low-temperature low-ionization plasma is lit in the low-pressure (some Pa) hydrogen gas near the anode. The positively charged hydrogen gas ions can escape from plasma into the neutral gas between the cathode and plasma. These ions, accelerated by the electric field, hit the cathode surface. As a result, cathode material atoms are released from its surface, and they can contaminate Si material.
The ion hits cause also emission of several secondary electrons. Accelerated by the electric field, they form a narrow beam that travels through a hole in the anode in the direction to the Si melt. Because the beam is larger than the hole, the anode surface is also damaged, and its material also becomes a contaminant. The hole cannot be freely widened because it will increase the gas flow out of the gun chamber and increase Si contamination.
Outside the gun chamber, the beam is affected by a system of electromagnets. Since the optimization of the beam control was not part of our task, only the two electromagnets that were the closest to the anode and could affect the electron trajectories were taken into account.
Heating up of the plasma by the electron beam creates a positive back-feed loop in the system and ensures continuing ion-electron pair generation in the plasma. Typically, the plasma is not at equilibrium, as the electron gas temperature is much higher than ion and neutral gas temperature. The electron gas pressure is balanced by the electric field pressure at the plasma interface which determines its form.
Thus, to obtain a quasi-stationary solution for electron beam formation, several physical models should be coupled together: electric and magnetic field distributions determination of particle trajectories. Particle trajectories determine the distribution of the electric charge which affects the electric field. Finally, the plasma interface determines the particle trajectories. Below we describe an iterative algorithm that couples these models.
Modeling the electron beam

Modeling the EM field
The gun geometry is axisymmetric, therefore it was assumed that the electric and magnetic field distributions in the gun are also axisymmetric.
A high intensity electric field that affects the particle trajectories only develops in the volume between the cathode and plasma interfaces. Due to high electric conductivity of the plasma, voltage drop in it (several volts) is much smaller than the total voltage. Similarly, the voltage difference between the plasma and anode is also assumed to be relatively small. Since the wall is metallic and electrically connected to the anode, the wall and plasma interface are assumed to be at the same electric potential 0   V in our model. 30    kV potential is applied to the cathode and its shield. All applied boundary conditions can be seen in Fig. 2 .
A Poisson equation for the electric potential is solved:
where the distribution of the electric charge  is calculated from the particle trajectories.
The equation for an axisymmetric magnetic field distribution can be split in two separate equations, one for the azimuthal magnetic field component , 
where
Although both equations systems can be solved by our model, only  A  equation is used in practice, because electromagnet currents (~1000 Aw) by far exceed the beam current (1-3 A) . The simulation area for the magnetic field encompasses the gun and a rectangular area around. Symmetry boundary condition is applied on rotation axis and natural boundary condition on other boundaries. The ferromagnetic shields of the electromagnets are modeled with constant . 1000  
Plasma interface position calculation
The plasma interface must obtain a shape that ensures that the electron gas pressure is equal to electric field pressure:
where n E is the normal component of the electric field at the plasma interface. In general, E p is a function of the electron concentration and temperature. For simplicity, a constant E p value is assumed.
The following iterative algorithm is applied to find the interface position: first, electric field distribution is calculated, then an equation for interface node shifts i h is solved:
where  is a smoothing factor and s is interface arc length. The interface nodes are shifted in the normal direction, ,
where is  some parameter. The node on the symmetry axis is shifted in the vertical direction, and the interface cross point with the wall is found by linear continuation of the penultimate segment of the interface.
Modeling particle trajectories and charge distribution
A predefined number N of ion trajectories is calculated by integrating the Newton's law: 
with 4 th order Runge-Kutta method. It is assumed that emitted ions were protons. A homogeneous emission rate of ions from the plasma interface is assumed, and the initial positions of the trajectories are chosen by picking randomly interface meridional segments and positions on them according to surface area represented by the segments. Zero velocity is used as initial condition. Each trajectory corresponds to an ion current:
where ion I is predefined ion current strength. When an ion hits the cathode, an electron trajectory is generated with electron current , where  is the number of emitted secondary electrons. Initially we used  from [1] , Tab. 1, however, the efficiency of the gun (~90%) suggests that  is much larger, and simulations with 9   where also performed. Electron trajectories are calculated until they hit any part of the gun or boundary of the simulation area.
We were also concerned with ion-electron pair generation in the neutral gas due to ionization by fast moving ions. For this reason, an ionization effect was implemented. During a time step, an ion travels distance l . Its kinetic energy determines the reaction cross section  , Tab. 2, and reaction probability , 1
where n is the gas particle concentration calculated from a given gas pressure p . If a reaction occurs, a pair of ion and electron trajectories is generated with currents p I and
The electric charge density for a mesh node is calculated by determining time t  spent by each trajectory in the node neighborhood S. Charges t I e p  , are added to the total node charge, and later it is divided by the 3D volume V obtained by rotating S, see Fig. 4 .
Numerical implementation
Triangular meshes for discretization of the electric and magnetic field equations were generated with a mesh generation program gmsh [3] . A single mesh for both electric and magnetic fields is created, Fig. 5 . For the electric field simulations, only part of the whole mesh is used. The equations were discretized using a finite element program getdp [4] . Both gmsh and getdp use special text input files, which are generated by a special python script, which also calls gmsh to generate the mesh.
The main iteration cycle as well as the particle trajectory and plasma interface models are implemented in the main program written in C++. The block scheme of the main iteration cycle that couples all models together can be seen in Fig. 5 . The program reads its input parameters from a text file and can be run in two modes: the main mode and preparation mode, which allows to calculate an initial plasma interface position by iteratively calculating the electric field distribution without particle trajectories.
Example of simulation results
Results of simulation of an electron beam for electron gas pressure
Pa are presented here. An increased gas pressure 4  p Pa was used for ionization modeling. The secondary electron emission coefficient was taken from Tab. 1. To model strong beam currents, the ion current was set to 5
A. 4000  N ion trajectories were emitted from the plasma interface. Another ~1400 electron-ion pairs are generated by gas ionization. Fig. 6 shows the calculated electron trajectories. Electrons are emitted from the ion impact area (~60 mm in diameter). The ion impact distribution on the cathode, Fig. 7 , shows a spike at about 30  r mm, which is smoothed out partially by ions generated during ionization process. The spike is created by ion particles emitted from and focused by the plasma interface near the wall. For smaller gas pressures, the ionization does not pay a significant role. Simulations have shown that the model is able to model the basic properties of the electron beam, such as dimensions of particle impact areas on the cathode and anode. However, further improvements have to be introduced in order to model correctly electron trajectory distribution in the beam, and the beam current dependence on the applied gas pressure.
